arXiv: 1506.08127v2 [q-fin.MF] 11 Aug 2016 


MARTINGALE PROPERTY OF EXPONENTIAL SEMIMARTINGALES: 
A NOTE ON EXPLICIT CONDITIONS AND APPLICATIONS TO 

FINANCIAL MODELS 

DAVID CRIENS, KATHRIN GLAU, AND ZORANA GRBAC 


Abstract. We give a collection of explicit sufficient conditions for the true martingale 
property of a wide class of exponentials of semimartingales. We express the conditions 
in terms of semimartingale characteristics. This turns out to be very convenient in fi¬ 
nancial modeling in general. Especially it allows us to carefully discuss the question of 
well-definedness of semimartingale Libor models, whose construction crucially relies on a 
sequence of measure changes. 


1. Introduction 


Local martingales are the core object of stochastic integration. Thus they provide a natu¬ 
ral access to time evolutionary stochastic modeling, which is a cornerstone of mathematical 
finance. The fundamental theorem of asset pricing states that the absence of arbitrage is 
essentially equivalent to the local martingale property of discounted asset prices under 
some equivalent probability measure. One important benefit of the true martingale prop¬ 
erty of discounted asset price processes is their use for density processes of a change of 
measure. In financ ial terms this corresponds to a change of numeraire. Since the seminal 
work of Geman et al. ( 19951 ) this concept became indispensable for both computational 
and modeling aspects. Often a change of numeraire facilitates option pricing by reducing 
complexity of computations. Moreover, it is a b uildi ng stone of the constru ction of Libor 
market models introduced by Brace et al. ( 1997h and Milter sen et al. (1997). More funda¬ 
mentally, a change of measure connects historical and risk-neutral probability measures. 
On the other hand if the discounted asset price process is a strict local martingale, i.e. a 
local martingale which is not a true martingale, this is sometimes interpreted as financial 
bubble. However, the definition and existence of financial bubbles critically depends on 
the specific notion of the m arke t price, arbitr a ge an d admissible strategies, see for exam¬ 
ple Cox and Hobson (2005) and ,7arrow et al. ( 2010l h In a typical modeling situation it is 
enjoyable to work with true martingales. 

Usually price processes are non-negative and therefore are modeled as exponentials 
of semimartingales, which form a wide and flexible class of positive processes. One can 
characterize the local martingales in this class by a drift condition. It is, however, more 
involved to identify conditions for their true martingale property. In order to formulate the 
problem more precisely denote by X an Revalued semimartingale and by A an Revalued 
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predictable process which is integrable with respect to X. Then A • X := Yli<d Jo ^ dW 
denotes the real-valued stochastic integral process of A with respect to X. Moreover, let 
V be a predictable process with finite variation. We pose the following question: Under 
which conditions on the characteristics of X is a real-valued semimartingale Z of the form 


Z := 

a (uniformly integrable) martingale? 

If e x x is a special semimartingale, there exists a unique predictable process of finite 
variation V such that Z is a local martingale. In this case, V is called the exponential 
compensator of A • X, see Section 2 for details. Various criteria for the more delicate true 


martingale property of Z have been proposed. The seminal paper by Novikov (119720 treats 
the continuous semimar tingale case. Sufficien t cond it ions for general semimarting a les are 
provid e d for example in Lepingle and Memin ( 1978 1. Kallsen and Shirvaev (2002), IJacodl 
( 1979 b Cheridito et al.1 ( 20051 ) and Proffer and Shimbo ( 2008l b see also a recent paper by 
Larsson and Rufl ~~( 20140 for further generalizations of Novikov-Kazamaki type conditions 
based on convergenc e results f or local supermartingales. Moreover, we refer to Section 1 
and Section 3 of Kallsen and Shirvaev! ( 2002 1 for an exhaustive literature overview. In the 
special case when X is a process with independent increments and absolutely continuous 
characteristics and A deterministic, Eberlein et al. ( 20051 1 show that if Z is a local martin¬ 
gale, it is also a true martingale. Deterministic conditions_ensuring_the martingale property 
of an exponential of an affine process are given in iKallsen and Muhle-Karbel ( 2Q10l l. The 
conditions for more general semimartingales are not as explicit. 

Our contribution is to give explicit conditions for the martingale property of an ex¬ 
ponential quasi-left continuous semimartingale in terms of its characteristics. In Section 
2 we intr oduce the notation and describe the general semimartingale setting following 
■Tacod and Shirvaev ( 2003 1. Section 3 contains the main results. The advantage of the ex¬ 
plicit conditions is their convenience for applications. We illustrate this by investigating the 
true martingale property of asset prices in semimartingale stochastic volatility models in 
Section f4. 11 Finally, in Section T4. 21 we prove the well-definedness of the backward construc¬ 
tion of Levy Libor models. More precisely, we show that the candidate density processes 
for the measure changes are indeed true martingales which has not been rigorously proved 
earlier. Moreover, we present a natural extension to the semimartingale Libor model. 


2. Semimartingale notation and preliminaries 


In this section we introduce the notation and summarize the basic notions and facts from 
th e se mimartingale theory in order to keep the paper self-contained. Our main reference 


is 


■Tacod and Shirvaev (2003]), whose notation we use throughout the paper. O t her stan¬ 


dard r efere nces for s tocha stic calculus and semimartingales are e.g. Jacod ( 1979l h iMetivier 
( 19821 ) and IProtterl ( 2004l b 


Let (D, J 7 , (Jr)t>o, IP) denote a stochastic basis, i.e. a filtered probability space with 
right-continuous filtration. For a class of processes C, we say that a process X is in the 
localized class C\ oc if there exits a sequence of stopping times (r n ) ng N such that a.s. r n | oo 
as n —> oo and X Tn E C. Denote by M the class of cadlag uniformly integrable martingales. 
The processes in the localized class M.\ oc are called local martingales. We denote by V + 
(resp. V) the set of all real-valued cadlag processes starting from zero that have non¬ 
decreasing paths (resp. paths with finite variation over each finite interval [0, t]). Let A + 
denote the set of all processes A E V + that are integrable, i.e. such that Ef-Aoo] < oo, 
where A^uj) := lim^oo A t {oj) E M + for every wEk Moreover, let A denote the set of all 
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A E V that have integrable variation, i.e. Var (A) E A + , where for every t > 0 and every 
well, Var (A) t (u) is defined as the total variation of the function s eA A s (oj) on [0 ,t]- A 
process V is called a semimartingale if it has a decomposition of the form 

X = X 0 + M + A, (2.1) 

where Vo is finite-valued and Vo-measurable, M E M\ oc with M$ = 0 and A E V. If 
A in decomposition ED is predictable, X is called a special semimartingale and the 
decomposition is unique. A semimartingale is called quasi-left continuous if a.s. AV T = 0 
on the set (t < oo} for all predictable times r. 

Let X be an Revalued semimartingale, i.e. each component of X satisfies (ED- Denoting 
by e a the Dirac measure at point a, the random measure of jumps p x of X is an integer¬ 
valued random measure of the form 

^ x (w;df,dx) := ^ l{AX s ( w )#}£( s ,AV(d)( dt ’ dx )' 

s>0 

There is a version of the predictable compensator of fi x . denoted by u, such that the 
Revalued semimarting ale X is quasi-left continuous if and only if u(u,{t} x R rf ) = 0 for 
all wed, c.f. .Tacod and Shirvaev ( 2f)()-ll ) . Corollary II.1.19. 

In general, v satisfies 

(M 2 Al)*n e Ai oc . (2.2) 

The semimartingale X admits a canonical representation 

X = Vo + B[h) + V c + (x — h(x)) * fi x + h(x) * (p x — v), 

where h : M. d —>• M. d is a truncation function , i.e. a function that is bounded and behaves 
like h(x) = x around 0, B(h) is a predictable Revalued process with components in V, 
and V c is the continuous martingale part of V. 

Denote by C the predictable R d (g) Revalued covariation process defined as C l] := 
(V* ,c , V J,C ). Then the triplet (B(h),C,v) is called the triplet of predictable characteristics 
of V (or simply the char acteristics of V). It can be shown (see Proposition II.2.9 in 
I.Tacod and Shirvaev f 2D03h ) that there exists a predictable process A E A^ oc such that 

B(h) = b{h) ■ A, C = c - A, v = Ax F, 

where b(h) is a d-dimensional predictable process, c is a predictable process taking values 
in the set of symmetric non-negative definite d x d-matrices and F is a transition kernel 
from (Cl x M + ,V) into (R rf , B( R rf )). Here V denotes the predictable cr-field on Cl x R + . We 
call ( b(h),c,F-,A) the triplet of differential (or local ) characteristics of V. If V admits the 
choice At = t above, we say that V has absolutely continuous characteristics (or shortly 
AC) and call V an ltd semimartingale. 

An important subclass of semimartingales is the class of Ito semimartingales with inde¬ 
pendent increments. These processes are known as time-inhomogeneous Levy processes or 
as Processes with IndependenClncrements and Absolutely Continuous characteristics (PI- 
IAC), see e.g. Section 2 in Eberlein et al. ( 2005 :). The differential characteristics (b(h),c, F) 
of a PIIAC V, for every truncation function h, are deterministic and satisfy the following 
integrability assumption: For every T > 0 

rT 


I 


\b(h) s \ + ||cj + / (\xf A l)F s (dx) ds < oo, 


(2.3) 


where || ■ [| denotes any norm on the set of d x d-matrices. For every t > 0, the law 
of Xf is characterized by a Levy-Khintchine type formula for its characteristic function, 


see again Section 2 in Eberlein et al. ( 2005l h This property makes the class of PIIAC 
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particularly suitable for applications. The following definition and results on exponen- 
tia ls o f semimartingal es ar e given in Definition 2.12, Lemma 2.13 and Lemma 2.15 in 


Kallsen and Shiryaeyj (2002). 


Definition 2.1. A real-valued semimartingale Y is called exponentially special i/exp(T— 
Yq) is a special semimartingale. 

Remark 2.2. Let Y be a real-valued semimartingale and denote by u 1 the compensator 
of the random measure of jumps of Y and h a truncation function. 

(a) The following statements are equivalent: 

(i) Y is an exponentially special semimartingale. 

(ii) (e y — 1 — h(y)) * is y G V. 

(iii) e y l {y>1} */eV. 

(b) If Y is exponentially special, then it admits an exponential compensator, i.e. there 
exists a predictable process he V such that exp(y — Yq — V) G A4io C - 


Let X be an M d -valued semimartingale with differential characteristics ( b(h),c,F;A ) 
and A G L(X), where L(X) den otes the set of predictable processes integrable with re¬ 
spect to X, c.f. I.Tacod and Shirvaev (2003) , page 207. M oreover, assume that A • X is 
exponentially special. Following Jacod and Shirvaev ( 20031 ) . Section III.7.7a we define the 
Laplace cumulant process 


K X (\) := k x {\) ■ A, 


(2.4) 


where 

k x (A) := (A s ,b s ) + ^{X s ,c s X s ) + J {e^ 3 ^ - 1 - (X s , h(x)))F s (dx), (2.5) 

and the modified Laplace cumulant process K x ( A) := ln(£ (K x (A))), where £ denotes the 
stochastic exponential, and 


K X ( A) = K x (X) + ^(ln(l + AK x (X)) — AK X (A)). (2.6) 

s<- 


The following results are proved in Proposition III.7.14 and Theorem III.7.4 in Jacod and Shirvaev 


( 120031 1 : 


Proposition 2.3. Let X be an M. d -valued semimartingale and X G L(X) such that X ■ X 
is exponentially special. 

(i) The modified Laplace cumulant process K x { A) is the exponential compensator of 
X ■ X, i.e. the process Z defined by 


Z := exp(A • X — K x { A)) 


is a local martingale. 

(ii) If X is quasi-left continuous, the Laplace cumulant process K x ( A) and the modified 
Laplace cumidant process K x ( A) coincide, i.e. K x ( A) = K x ( A). 

In the following section we give sufficient conditions for the martingale property of 
exponential semimartingales. 
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3. The Martingale Property of Exponential Semimartingales 


Integrability conditions ensuring the (UI) martingale property of a non-negative or pos¬ 
itive local martingale were studied from many pers pectiv es and in various levels of gener¬ 
ality. It started with the classical conditions of Novikov ( 19721 1 which applies to continu¬ 
ous exponential local marting ales . A natur al g eneralization included jumps was given in 
the seminal paper of Lepintrle and Meminl ( 1978l l. Various related conditions are given by 
Kallsen and Shirvaev ( 20021 ). A profound overview on Novikov-t ype conditions as well as 
boundedness conditions is given in the monograph of l.Tacodl (|l970l l. In this section we collect 
conditions for exponential semimartingales and express them in terms of semimartingale 
characteristics. Thanks to these expression we usually call these type of conditions pre¬ 
dictable conditions. Let u s start with a N ovikov-type integrability condition which is based 
on the main result of Lenirmle and Memin (1978). We follow its statement given by Jacodl 
( 1979l l as Corollary 8.44. 


Proposition 3.1. Let Y be a real-valued quasi-left continuous semimartingale with char¬ 
acteristics (B(h), C, v). If 

(Al) E (exp {\Ct + ((y — l)e y + 1) * pt}) < 00 for every T > 0, 

the process M := e 5 W is a true martingale. Moreover, replacing condition |(A1)| with 
(A2) E (exp {iCoo + ((y - l)e y + 1) * I'oo}) < 00 , 

M is a UI martingale. 

Proof: Note that the characteristics of X T , for any T > 0, are given by (B T , C T , v T ), where 
v T {dt,dx) := 1[ 0 T ] xR dP(dt,dx). Now, since local martingales whose localizing sequence is 
deterministic are martingales, the first claim follows immediately from the second. Note 
that |( Alj] implies that X is exponen tiall y spec ial and hence that M is a local martingale. 
In view of T heorem 2.19 in Kallsen and Shirvaev! (|2002l l. the second claim follows from 
Jacodl (ll979l l. Corollary 8.44. □ 


Remark 3.2. If Y is continuous, i.e. v = 0, then (A2)jy?duces to the classical Novikov 
condition as presented in Section 3.5.D in Karatzas and Shrevel ( 1991 1. 


As an immediate corollary we derive the follows sufficient conditions for the case where 
X is given as a stochastic integral. 

Corollary 3.3. Let X be an W l -valued quasi-left continuous semimartingale with differ¬ 
ential characteristics (b(h),c, F; A) and A £ L(X). If 
(Bl) for every T > 0, 

E(exp{± f^(X s ,c s X s )dA s + f Rd (((X s , x) - l)e< As ’^ + l)F s (dx)dA s }) < 00 
the process M := e *- x ~ KX W i s a true martingale. Moreover, replacing (Bl) with 

(B2) E(exp {i/ 0 °°(A s ,c s A s )dA s + / 0 °° f R d(((X s , x) - l)e< As ’ x> -|- l)F s (dx)dA s }) < 00 , 
then M is a UI martingale. 


Proof: The characteristics of A • X are given by Proposition IX.5.3 in l.Iacod and Shirvaev 
( 2003 ). Now the claim follows by an application of Proposition 13.11 □ 


Remark 3.4. Obviously, by considering an real-valued semimartingale X and A = 1 in 
Corollary 13.31 we recover Proposition 13.11 
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For applications the following boundedness condition turns out to be useful, see for 
instance Corollary 14.11 Proposition 14.31 and 14.21 in the sections below. 


Proposition 3.5. Let X be as in Corollary \ 3. 3\ and let A € L(X). If 

(Cl) for every T > 0, there exists a non-negative constant k(T) such that a.s. 

[ {X s ,c s X s )dA s + f [ (l - Ve^rf ) F s (dx)dA s < k(T) 

Jo Jo JR d V ' 

the process M := e xx ~ KX W i s a f rue martingale. Moreover, replacing |(C1)| with 
(C2) there exists a non-negative constant k such that a.s. 

(X s ,c s X s )dA s + f f (l - V e< As ,z) \ F s (dx)dA s < k 
Jo J R d v ' 

then M is a UI martingale. 



Proof: Again, the first part is an immediate consequence of the second. Note that |(C1)| 
implies that A • X is exponen t ially s pecial. Hence, we can deduce the claim from T heorem 
2.19 in Kallsen and Shirvaev ( 2002 1 together with Lemma 8.8 and Theorem 8.25 in ljacodl 
(Il979l l. □ 


Remark 3.6. Clearly, thanks to Corollary 13.31 the condition (Cl)| could be replaced by 
the following condition: for every T > 0 there exists a constant n(T) such that a.s. 

[ T (X s ,c s X s )dA s + [ T [ (({X s ,x) - l)e< A -*> + l) F s (dx)dA s < k(T). (3.1) 

Jo Jo JR d v J 

The elementary inequality 

0 < (1 — \/x) 2 < xlog(x) — (x — 1), for all x > 0, 

as for instance noted in lEscliei ( 2004 1. Lemma 2.13, shows that condition |(C1)| is an im¬ 
provement to m- 


Let us shortly turn to the subclass of semimartingales with independent increments (SII 
processes), for which the situation is slightly different than in the more general case. For 
exponential SII processes the local martingale property is equivalent to the true martingale 
property. From a mathematical finance perspective this interesting fact for instance implies 
that exponential SII models cannot include bubbles which are modeled as strict local 
martingales. 

Let us formalize this observation and add some simple deterministic conditions for_the 
martingale property. The main implication ( ii ) 


i) is essentially thanks to Kallsen a nd Muhle-Karbe 


( 2010h . Proposition 3.12. Note that the assertion does not require quasi-left continuity. 


Proposition 3.7. Let X be an W l -valued semimartingale with deterministic characteris¬ 
tics (B x , C x , v x ), X € L(X) be deterministic and M := e^' x ~ K ^. The following are 
equivalent 

(i) M is a martingale. 

(ii) M is a local martingale. 

(in) X ■ X is exponentially special. 

(iv) (e < ' X,x ' > — 1 — h((X,x))) * v x € V. 

(v) e( X ’ x h {{XtX)>1} * v x € V. 
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Proof: The implication (i) =>- (ii) is trivial and equivalence (ii) (in) holds by definition. 
The_equivalences of (■ iii),(iv ) and (v) are due to Remark 12.21 and Ijacod and Shirvaev 
( 2003h . Proposition IX.5.3, which shows that A • X has deterministic characteristics with 


u xx (A,ds) = / 1a((A s , x))v x (dx, ds), A G £>(M\{0}). 


It is left to show the implication (in) => (i). In view of (12.61) and since X-X has deterministic 
characteristics, K x ( A) is a deterministic process of finite variation and hence also has deter¬ 
ministic charact eristics . Define f(x, y) := x—y, then Y := X-X — K x (A) = /( X-X, K x ( A)). 
It follows from Goll and Kallsen ( 2000l l. Corollary 5.6 applied to /(A • X,K x ( A)) that 
Y has also deterministic ch aracte ris tics . From the relationship of ordinary and stochas¬ 
tic exponentials given in Jacod and Shirvaev! ( 2003i ). Theorem II.8.10, we obtain that 
M = e Y = S(Y ), where Y is a semimartingale with Ay = (e Ai — 1) > —1. We deduce from 
J acod and Shirvaev i (20031), Equation II.8.14 that Y inherits the property of deterministic 
characteristics from Y. Due to Remark l2.2l b'). the condition * v € V yields 

that X-X is exponentially special. Thus, since K x ( A) is the exponential compensator 
of A • X, c.f. Proposition 12.31 (i), M is a local martingale. The claim now follows from 
Proposition 3.12 in Kallsen and Muhle-Karbel ( 2Qlol ). □ 


4. Applications to Finanical Models 


In this section we present two applications of the results from Section [3] to financial mod¬ 
eling. A detailed overview concerning applica tions of g e neral s emimartingales in f inanc e 
is for instance provided by th e mo nographs of Shirvaev j| 19991 ) . ICont and Tankov ( 20031 ). 
Musiela and Rutkowski ( 20051 ) and Jeanblanc et al. ( 2009l ~ 


4.1. Stochastic Volatility Asset Price Model. Here, we illustrate how the conditions 
of Section [3] can be used to facilitate pricing in arbitrage-free models driven by semi¬ 
martingales. Let (D, T, (iFt)o<t<T, IP) be a stochastic basis, where T > 0 denotes a finite 
time horizon. We model the asset price S and a bank account B with stochastic interest 
rate r by 

a s -X s -V 


S := S 0 e° 


B := e 


r -X r 


(4.1) 


with So > 0, a d-dimensional semimartingale X := (X s , X r ) with X s d\ -dimensional 
and X r (^-dimensional such that d\ + d ,2 = d, and a d-dimensional predictable process 
a := (cr s ,—a r ) with a s € L(X S ) and a r € L(X r ) such that a ■ X is exponentially 
special. We assume that the process V is the exponential compensator of a s ■ X s — a r ■ 
X r , c.f. Proposition 12.31 Thanks to this assumption, the discounted stock price S := 
B ~ 1 S is a local martingales, i.e. in other words P is a risk-neutral probability measure. 
According to the fundamen t al the orem of asset pricing for general semimartingales in 
Delbaen and Schachermaverl ( 1998l h the No Free Lunch With Vanishing Risk (NFLVR) 
holds is this case. 

Note that in general the risk-neutral probability measure may not be unique and the 
model is incomplete. Let us now consider a European call option with strike K > 0 with 
payoff (S T — K) + at maturity T > 0. Its fundamental price under P, denoted by Cf for 
any t € [0, T], is given by 


C* t := B t ¥, P (Bf 1 (S T - K)+\F t ) < B t E P (S T \X t ) < B t S t = S t < oo, 


(4.2) 
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which is well-defined and finite a.s. The inequality E(5'r|J : i) < St is a consequence of S 
being a positive local martingale and hence a supermartingale. The price C* is an arbitrage- 
free price, which - even in the case of a complete model - might be non-unique. This s ubt le 


i ssue is closely related to fin ancial bubbles , see fo r example Definition 3.6 in i. Tar row et al 


( 20 lol l and Definiti o n 2.1 0 in Biagini et al.1 ( 20141 ). For a detailed mathematical treatment 
we refer to IProtterl ( 201 .‘il l. 

When S is a true martingale, these delicate issues do not appear: The asset price has 
no bubble and the market p rices co incide with the fundamental prices - this was proved 
for example in the setting of .Tarrow et al. ( 20ld l. Thus, our Section [3] provides convenient 
conditions to exclude ambiguities in the pricing due to the possible presence of bubbles. 

To illustrate a further benefit of the explicit martingale conditions from Section [3] we use 
the true martingale property of the discounted asset price to perform a change of numeraire 
which reduces the complexity of a pricing problem at hand. Considering for example a call 
option as above, in order to compute the expectation in (14.21) directly, information on the 
joint distribution of S and B is required. Here the true martingale property of S allows to 
facilitate the computation of the expectation by a change of numeraire. More precisely, we 
can express the call price as a conditional expectation of a function of the asset value St 
solely. Defining a probability measure IP via := SQ 1 St for 0 < t < T, and denoting 

by Ep the expectation under P, Bayes formula yields 


C t = S t K^{l-KS^ 1 ) + \J 7 t)- 


(4.3) 


Compared with the original pricing formula Ct = BtiEp^B^^Sn — K) + \Bt), the random 
variable Bt does not appear in the conditional expectation in (14.31) . This typically facili¬ 
tates the computation since the semimartingale characteristics of S are known under the 
new probability measure. 

By combining Corollary 13.31 and Proposition 13.51 the following characterization of the 
true martingale property for the semimartingale asset price model defined above. 


Corollary 4.1. Assume that X is quasi-left continuous and denote its local characteristics 
by (6, c, F ; A). If ( b , c, F\ A) and a satisfy |(B1)| of Corollary \S.tA resp. condition |(C1)| of 
Proposition 13.51 the discounted asset price process S is a true martingale. 

Under the conditions of Corollary 14.11 the fair price at time t of the call option with 
maturity T and strike K is therefore given by Ct in (14.31) . 


4.2. Semimartingale Libor model. In this subsection we apply the results from Section 
[3] to Libor models. These are models for discretely compounded forward interest rates 
known as Libor rates, where the term Libor stems from th e Lon don Interbank O f fered Rate. 
The Libor models were introduced in Brace et al .1 (1997) and Miltersen et al. ( 1997) and 
la ter further developed and studied by many authors. We refer to [M usiela and Rutkows ki 
(20051 ). Section 12.4, for a detailed overview. 

The challenge in modeling Libor rates is to simultaneously define the rates for differ¬ 
ent maturities as local martingales under different equivalent measures which ensures the 
absence of arbitrage. These measures are in fact forward measures and they are intercon¬ 
nected via the Libor rates themselves. A convenient wa y to obtain such_a model js by 
backward construction, following the pioneering work of Musiela and Rutkowskil (1997). 
This construction relies on the martingale property of Libor rates (under the corresponding 
forward measures), which allows to define changes of measure. In the backward construc¬ 
tion the Libor rates thus have to be not only local, but true martingales under their 
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corresponding forward measures. When the model is driven by a continuous semimartin¬ 
gale this is standard by using Novikov type conditions, but verifying that the Libor rates 
are true martingales in general semimartingale models including jumps is more involved 
and has not been properly addressed in the financial literature. Using explicit conditions 
from Section [3j we study this issue in detail below to close this gap. 

Let us begin by describing a general semimartingale Libor model. Assume that T* > 0 
is a fixed finite time horizon and we are given a pre-determined collection of maturities 
0 = To < T\ < ... < T n = T*, with 5k ■= Tk +1 — T]~ for k = 0,... ,n — 1. Moreover, 
let (0, .Ft*, {J~t)o<t<T* i Py* ) be a stochastic basis. A general semimartingale Libor model 
consists of a family of semimartingales modeling the Libor rates (L(-, Tk))\<k<n-i for 
lending periods ([Tk, Tk+i])i<k< n -i and a family of probability measures (Py fc )i<fc<n , where 
L(-,Tk ) and Py fc are defined on (D,J-y fc , (-Ut)o <t<T k ) and Py n = Py*, such that 
(SML1) L(-, Tk) is a Py fc+1 -martingale for all k = 1,..., n — 1. 


(SML2) For k = n - 1,..., 1 


dPy fc _ 1 -I- 5kL(Tk,Tk) 
1 + 5kL{ 0 , Tk) 


dP A+i 

For each k t he probability measure Py fc is called the forward Libor measure for maturity 
Tk, cf. Musiela and Rutkowski ( 20051 ). Definition 12.4.1. The measure Py fc is in fact the 
forward martingale measure associated with maturity Tk and the density process above is 
a forward price process. This ca n be seen from the link between forward Libor rates and 
zero-coupon bond prices, see Musiela and Rutkowski ( 2005 ). Sections 12.1.1 and 12.4.4. 

Below we present the main ideas of the backward construction of the Libor model in 
a semimartingale framework. We start by modeling the Libor rate with the most distant 
maturity under a given probability measure and then proceed backwards. We define in 
each step the next forward measure via a density process based on the previously modeled 
Libor rates and model the next Libor rate under this measure. 

Let X be an Revalued semimartingale on the stochastic basis (D, J-y», (Tt)o<t<T* >Pt*) • 
We start by modeling the Libor rate L(-,T n _i) for maturity T„_i by 

L(t, T n _i) :=L(0,T n _ 1 )exp{A(-,T n _ 1 )-W-Af (P T ., A(-,T n _ 1 ))}, (4.4) 


for t < T n _i, where L(0,T„_i) > 0 and A(-,T n _i) e L(X) is a volatility process such that 


the stochastic integral A(-,T n _i) ■ X is Py»-exponentially special with K x (Ft*, A(-,T n _i)) 
its Py*-exponential compensator. Hence, L(-,T n _i) is a Py»-local martingale. Assuming 
that L(-,T n _i) is a true Py*-martingale, we can define the probability measure Py^.j on 
(D, J r y n _ 1 ) by the Radon-Nikodym derivative 

dp y„i 

_ 1 + 8 n -iL(T n -i,T n -i) 

(4.5) 

dPy* 

1 + 5 n -\L(0, T n - 1) 

Moreover, we obtain for t < T n _i 



dP T n i 

1 + 5n-lL{t,T n -l) 

(4.6) 

dPy* 

y t 1 + 5 n -\L(0, T n _i) 

Now we recursively model the Libor rates L(-,Tk) for k = n — 2,..., 1 by 


L(t, T k ) := L( 0, T k ) exp { A(-, T k ) • X t - K t x (P Tfe+1 , A(-, T fc ))}, 

(4.7) 


for t < Tfc, where L(0, Tk) > 0 and A(-, Tfc) € L(X) is a volatility process such that A(•, Tfc) • 
X is Py fe l -exponentially special with Py fe -exponential compensator iD Y (Py fc+1 , A(-, Tk)). 
As above, this means that L(-,Tk) is a Py fe+1 -local martingale. Note that the Libor rate 
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for the interval starting at To = 0 and ending at T\ is simply the given spot Libor rate 
T(0,To) > 0. The probability measure P T k is defined on (Q, Pr k ) by the Radon-Nikodym 
derivative 

dPT fc _ 1 + 5fcT(Tfc,Tfc) 


1 + <5fcT(0, Tfc) 


(4.8) 


dP T+i 

where it has to be assumed that Lf,T k ) is a true Pr fc -martingale. Then we have for 
t < T k 


dP Tfc 


dP T , 


fc + 1 


Tt 


1 + 5 k L(t, T k ) 
1 + 5 k L( 0, Tfc) 


Furthermore, we obtain that the probability measure P T k+1 is related to Pt* via 


dPr, 


fc+i 


dPy» 


Tt 


71—1 

n 


1 + 5iL(t , Tj) 

1 + 5iL(U,Tiy 


t <Ti 


^ J-k+ 1- 


(4.9) 


(4.10) 


Note that the construction is well-defined if the Libor rates Lf,T k ) are Pt*. + 1 -martingales 
for all k = 1,..., n — 1. 

To justify the backward construction (14.41) - (|4.1UI) of the measures (PT fe )i<fc<n-i> we 
prove the required martingale property of the Libor rates in the proposition below. 

Proposition 4.2. Let X in equation (14.71) be an W l -valued quasi-left continuous semi¬ 
martingale with differential characteristics ( b T *, c, F T ; A) with respect to Pt* , and non¬ 
negative A(-,Tfc) € L(X). Assume 

(SL) for all i = 1,... ,n — 1 there exists a non-negative constant k such that a.s. 
rT* 

/ (A(t,T i ),c t A(t,T i ))dA t 

Jo 

+ f [ (l — V e( A (bT):^> 'j e Sfc=i+i -MhTTz) pT (Rx)dRt < k, 

Jo J«L d V ' 

where we use the convention = 0. 

Then for each k = 1,..., n — 1, the process L(-,T k ) from (14.71) is a martingale with respect 
to Pj’ fe+1 given by (14.101) . 

Proof: For k = n — 1, the assertion follows directly from assumption (SL) and Proposi¬ 
tion 13.51 

For k < n — 2, denote the semimartingale characteristics of X with respect to PT fc+1 by 
(B Tk+1 , C Tk+1 , u Tk+1 ). Next we compute these cha racteristics b y b ackw ard induction and 
Girsanov’s theorem as given by Theorem III.3.24 in ijacod and Shirvaev (2 003 1. We shortly 
give some details on the application of Girsanov’s theorem. Denote dPj^.j/dPT* | t. ='■ 
Z Tn ~ x and note that 

L(-,T*) = T(0, T n _i)£ (a(-, T n -\) ■ X C ’ T * + ^ * (yc _ ^ 

where X C)T denotes the continuous local P-p*-martingale part of X. We have 

(z T - ip) = zr- + f:J L{ 7;f n p\ -1 

Now Girsanov’s theorem yields that 

C Tn ~ 1 =C, u Tn ~ 1 (dt,dx) = /3(t,x,T n _i)T f T (dx)dT 4 , 
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with 


P(t,x,Ti ) := 


SiL(t-,T t ) 


_ j) + 1; 


l + <5,L(i-,T,) 

for l = 1,..., n — 1. Repeating these steps, by backward induction we obtain 

n —1 

(F k + 1 = C, v Tk + 1 (dt,dx) = /3(t,x,T / )F t T ‘(dx)dA t . 

J=fc+1 

Noting that j3(t,x,Ti) < e'^ t,Tl ^ ,x ' , the claim follows from Proposition 13.51 


□ 


Let us link our discussion to the Levy Libor model of Eberlein and Ozkan ( 20051 ") in which 
the driving process X is assumed to be an M ci -valued PIIAC with differential characteristic 
(0 ,c,F t ) under P^*. Eberlein and Ozkan impose the following assumptions: For some 
M, e > 0 and every k = 1,..., n — 1 we have 

(LI) J 0 T ,/j T | >1 (dx)dt < oo for every u € [—(1 + e)M, (1 + e)M] d , 

(L2) A(-,Tfc) : [0, T*] —» is a bounded, nonnegative function such that for t > Ty., 
\(t,Ty.) = 0 and J2k= i ^'(i, 7*,) < Af, for all t € [0, T*] and every coordinate 
j € {1 

(L3) A(-,7fc) : [0, T*] —>• is deterministic. 

Let us point that even when the driving process has deterministic characteristics under 
P^* and A is deterministic (as in the case above), the characteristics of X under Py fc for 
k = 1,..., n — 1 are stochastic. 

We obtain the following sufficient conditions for the Levy Libor model, where we also 
allow A to be stochastic. 

Corollary 4.3. Assume that l | A(-, X 1 - 7 ) | < N for a non-negative constant N, and that 
there exists a non-negative constant k such that 

f*T* 


[ [ e 7V|x| E' r ‘(dx)dt < k. 

Jo J\x |>1 


M 

Then for each k = 1,... ,n — 1 the process L(-,Tk) defined in (14.71) is a martingale with 
respect to P T k+1 given by (14.101) . 

Proof: It suffices to show that (SL) is satisfied. Note that we find a non-negative constant 
K* such that for any i = 1,..., n — 1 for all x € with \x\ < 1 

_ y/ e {\(t,Ti),x) y e (T,kZl+i x (t,T k ),x) < K*\x\ 2 . 

Next we bound the large jumps. Using the fact that (1 — y/x ) 2 < 1 + x for x > 0 and some 
non-negative constant K , and the Cauchy-Schwarz inequality, we obtain 


n 

JO J\x\>l 


1 — y /^ g(Efc=i+l A(i,Tfc),x) pT 

; r [ UY.IZU Ht,T k ),x) + e (J2kZi A (t,T k ),x)\ F T* (dx)dt 

Jo J\x\>l A > 

: 2 f [ e N ^F^(dx)dt. 

Jo J\x |>1 
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Finally, since 


(\(t,Ti),ct\(t,Ti))dt < N 2 


|ct ||dt. 


where || ■ || denotes the operator norm of c, we conclude that (SL) holds. This concludes 
the proof. □ 


As mentioned in the introduction of the section, the martingale property of Libor rates 
under their corresponding measures is crucial for the validity of the backward construc¬ 
tion of Libor models. Therefore, Proposition 14.21 and Corollary 14.31 pro vi de a t heoretical 
justification of the construction of the Levy Libor model by Eberlein and Ozkan (:2 005 b 
and more generally of Libor models driven by quasi-left continuous semimartingales. 
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